Introduction
The branching rules of unitary representations for Klein four symmetric pairs were studied recently in [2] , [3] , and [4] . As a generalization of symmetric pairs, the branching rules for Klein four symmetric pairs are much more complicated than those for symmetric pairs. One of the several reasons is that the classification of Klein four symmetric pairs is not very clear. In [2, Theorem 15] and [3, Theorem 18] , the author classified all the Klein four symmetric pairs (G, G Γ ) of holomorphic type for exceptional simple Lie groups G of Hermitian type, so that any unitary highest / lowest weight representation of G is K Γ -admissible. Consequently, any unitary highest / lowest weight representation of G is G Γ -admissible, and its underlying (g, K)-module is discretely decomposable as a (g Γ , K Γ )-module.
The cases for Klein four symmetric pairs of non-holomorphic type are not very easy to deal with. A natural idea is to study some special representations at first, for example, discrete series representations. In Section 3, the author will show in Theorem 9 that for any exceptional simple Lie group G of Hermitian type, there is no G Γ -admissible discrete series representation π of G if (G, G Γ ) is a Klein four symmetric pair of non-holomorphic type, making use of the results in [14] . Thus, there exists a discrete series representation π of G which is G Γ -admissible if and only if (G, G Γ ) is of holomorphic type because one may always take a holomorphic discrete series representation in the cases of holomorphic type.
In [4] , the author classified all the Klein four symmetric pairs (G, G Γ ) for exceptional simple Lie groups G of Hermitian type such that G Γ is noncompact and there exists at least one nontrivial unitarizable simple (g, K)-module π K that is both discretely decomposable as a (g Γ , K Γ )-module and is discretely decomposable as a (g σ , K σ )-module for some involutive automorphism σ ∈ Γ of anti-holomorphic type. And the only Klein four symmetric pair that satisfies the conditions is (E 6(−14) , Spin (8, 1) ). In Section 4, the author will improve the result of [4, Theorem 16] in the sense that the author includes the cases when G Γ is compact. The main result will be displayed as Theorem 14.
Associated varieties are useful tools to study the discrete decomposability of the restrictions of unitarizable simple (g, K)-modules. Roughly speaking, for a simple Lie group G and its reductive subgroup G ′ , if X is a unitarizable simple (g, K)-module which is discretely decomposable as a (g ′ , K ′ )-module, and if Y is a nonzero simple (g ′ , K ′ )-submodule of X, then the projection of the associated variety V g (X) from g to g ′ is contained in the associated variety V g ′ (Y ). Thus, the associated varieties offer a necessary condition for the discretely decomposable restriction of a unitarizable simple (g, K)-module. In [11, Conjecture 5.11 ], Toshiyuki KOBAYASHI conjectured that, with the same conditions, the projection of the associated variety V g (X) from g to g ′ is actually equal to the associated variety V g ′ (Y ). The conjecture was proved for several kinds of modules X for symmetric pairs (G, G ′ ), for example, [12] , [13] , [16] , and [18] . In Section 5, the author will show that the conjecture is true for the Klein four symmetric pair (E 6(−14) , Spin(8, 1)) and the minimal holomorphic representation in Theorem 19. Furthermore, Lemma 18 offers a new way to construct more pairs of reductive Lie groups and modules, which satisfy the conjecture. In particular, one may construct the modules for symmetric pairs which satisfy the conjecture by means of Klein four symmetric pairs, and Corollary 20 will be an application.
2. Preliminary 2.1. Discrete decomposability. Let G be a noncompact simple Lie group with the Lie algebra g 0 , and G ′ a reductive subgroup of G with the Lie subalgebra g ′ 0 . Take a maximal compact subgroup K of G, which is the subgroup of the fixed points under the action of a Cartan involution θ on G. In particular, it is assumed that θ( 
Proof. Suppose that π K is a simple (g, K)-module, and then set π
Any highest weight simple (g, K)-module is constructed as follows. Denote by F (λ) the irreducible representation of K with the highest weight λ. Let p + act as zero on F (λ) and the generalized Verma module
A representation of G is called a highest weight representation if its underlying (g, K)-module is a highest weight module.
Let θ be the Cartan involution of G, which defines K. Let σ be an involutive automorphism of G, which commutes with θ. Use the same letter σ to denote its differential, and then σ stabilizes k 0 and also the center Z(k 0 ) = RZ. Because σ 2 = 1, there are two possibilities:
is said to be of holomorphic (respectively, anti-holomorphic) type if σZ = Z (respectively, σZ = −Z), in which case σ may be said to be of holomorphic (respectively, anti-holomorphic) type for convenience. Here,
is the subgroup (respectively, subalgebra) of the fixed points of the action of σ on G (respectively, g 0 ). 
Restrictions of discrete series representations
Let G be an exceptional simple Lie group of Hermitian type, and Γ a Klein four subgroup of the automorphism group AutG of G. Then (G, G Γ ) forms a Klein four symmetric pair, where G Γ is the subgroup of the fixed points of G under the action of all elements in Γ. Take a maximal compact subgroup K of G, which is the subgroup of the fixed points under the action of a Cartan involution θ on G. In particular, it is assumed that θ centralizes Γ in AutG, so that K is Γ-stable and
Moreover, denote by g 0 the Lie algebra of G, and g the complexification of g 0 . Taking the differentiation and the holomorphic extension, Γ is regarded as a Klein four subgroup of g 0 and g respectively.
Proof. This follows from [6, Theorem Proof. The conclusion follows from Proposition 7 and Theorem 9 immediately.
Discrete decomposability of unitarizable simple (g, K)-modules
The aim of this section is to give a more complement result than [4] , where the author tried to solve the following problem.
Problem 11. Classify all the Klein four symmetric pairs (G, G Γ ) such that there exists at least one nontrivial unitarizable simple (g, K)-module π K satisfying two conditions:
Problem 1 does make sense. In fact, if π K is discretely decomposable as a (g Γ , K Γ )-module and σ ∈ Γ, it is not known whether π K is discretely decomposable as a (g σ , K σ )-module. For example, let G = SL(n, C). Suppose that Γ = σ, τ is the Klein four subgroup generated σ and τ , where σ : A → A is the natural complex conjugation and τ : A → (A −1 ) T is the composition of inverse and transposition. Then G Γ = SO(n) is compact and hence any unitarizable simple (g, K)-module is discretely decomposable as a (g Γ , K Γ )-module, but G σ = SL(n, R) is a split real form of G and by [8, Theorem 8.1] , there is no unitarizable simple (g, K)-module discretely decomposable as a (g σ , K σ )-module.
In [4] , the author considered the problem under the following assumptions:
• G is a simple Lie group of Hermitian type;
• G Γ is noncompact; • σ defines a symmetric pair of anti-holomorphic type.
Then the main result is given in [4, Theorem 16] . In this section, the author cancels the assumption that G Γ is noncompact. The author wants to find out all the Klein four symmetric pairs (G, G Γ ) of exceptional Lie groups of Hermitian type such that there exists at least one nontrivial unitarizable simple (g, K)-module π K satisfying which is discretely decomposable as a (g Γ , K Γ )-module and is discretely decomposable as a (g σ , K σ )-module for some involutive automorphism σ ∈ Γ of anti-holomorphic type. It is known from [5] that, for any nontrivial irreducible unitary representation of G, its restriction to its reductive subgroup contains no trivial subrepresentations. Hence in Lemma 12, if π K is supposed to be nontrivial, all the direct summands are nontrivial. Thus, the author needs to find reductive Lie algebra triple (g 0 , g
• g 0 is either e 6(−14) or e 7(−25) ;
is a symmetric pair of anti-holomorphic type, such that there exists at least one nontrivial unitarizable simple (g, K)-module which is discretely decomposable as a (g , which is isomorphic to so (9) . A brief argument will show that (e 6(−14) , so (9)) is indeed a Klein four symmetric pair as follows. Proof. Let σ be the involutive automorphism of g 0 such that g
It is a well known fact that there exists a Cartan involution θ of g 0 such that θσ = σθ. Hence, the restriction of θ to g ′ 0 is a Cartan involution of g ′ 0 . Now let Γ = σ, θ be the Klein four subgroup generated by σ and θ, and then g , so(8, 1)) or (e 6(−14) , so (9)).
Proof. Based on the discussion as above, if there exists a nontrivial unitarizable simple (g, K)-module π K which is both discretely decomposable as a (g Γ , K Γ )-module and is discretely decomposable as a (g σ , K σ )-module for some σ ∈ Γ of anti-holomorphic type, then g 0 = e 6(−14) , and there must be a σ ∈ Γ such that g , so(9)), the conclusion follows from [4, Proposition 13 & Proposition 15] and the fact that any simple (g, K)-module is discretely decomposable upon restriction to a compact Lie algebra. [4, Theorem 16] in the sense that G Γ is not required to be noncompact.
Remark 15. Theorem 14 is an improvement for

Kobayashi's conjecture on associated varieties
Let {U j (g)} j∈Z ≥0 be the standard increasing filtration of the universal enveloping algebra U (g). Suppose that X is a finitely generated g-module. A filtration X = i∈Z ≥0 X i is called a good filtration if it satisfies the following conditions:
• there exists n ∈ Z ≥0 such that U j (g)X i = X i+j for any i ≥ n and j ∈ Z ≥0 .
The graded algebra grU (g) := j∈Z ≥0 U j (g)/U j−1 (g) is isomorphic to the symmetric algebra S(g) by the Poincaré-Birkhoff-Witt theorem and one may regard the graded module grX := i∈Z ≥0 X i /X j−1 as an S(g)-module. Let Ann S(g) (grX) := {f ∈ S(g) | f v = 0 for any v ∈ grX} and define V g (X) := {x ∈ g * | f (x) = 0 for any f ∈ Ann S(g) (grX)} which does not depend on the choice of good filtration. Then V g (X) is called the associated variety of X.
Let g ′ 0 be a reductive subalgebra of g 0 , and then the inclusion g ′ ֒→ g gives a projection of the dual spaces pr
Proposition 16. let X be an simple (g, K)-module.
Proof. See [8, Theorem 3.1] for (1) and [8, Theorem 3.7] for (2).
The following conjecture is raised in [11, Conjecture 5.11] . Before studying the projection of associated varieties for Klein four symmetric pairs, let the author consider a general case. Let G be a noncompact reductive Lie group, G ′ a reductive subgroup of G, and G ′′ a reductive subgroup of G ′ . Needless to say, let g 0 , g 
Proof. Since the unitarizable simple (g, K)-module X is discretely decomposable as a (g
On the other hand, since X is also discretely decomposable as a (g 
The author will apply Lemma 18 to the Klein four symmetric pair (e 6(−14) , so(8, 1)). In the remaining part of this section, let g 0 = e 6(−14) , and g be the complex simple Lie algebra of type E 6 . Let Γ be the Klein four subgroup of Autg 0 such that g Fix a Γ-stable Cartan subalgebra of g and a simple root system {α i | 1 ≤ i ≤ 6}, the Dynkin diagram of which is given in Figure 1 . For each simple root α i , denote by ω i the fundamental weight corresponding to α i . Suppose that α 6 is the noncompact simple root corresponding to g 0 . As described in [16, 3.11] , put β i := α 7−i for 1 ≤ i ≤ 5, and then {β i } 5 i=1 form a set of simple roots for so(10, C), the first direct summand of g τ . Write µ i for the fundamental weights of β i for 1 ≤ i ≤ 5. as (g τ , K τ )-modules, where L ′ (3µ 1 +kµ 5 ) denotes the highest weight simple (so(10, C), Spin(8)× Spin(2))-module with highest weight 3µ 1 + kµ 5 and C k+2 is an 1-dimensional module of so (2) . If one ignores the action of so (2), then one has the discrete decomposition
as (so(10, C), Spin(8) × Spin (2))-modules. Corollary 20. The highest weight simple (so(10, C), Spin(8) × Spin(2)) modules L ′ (3µ 1 + kµ 5 ) for k ∈ Z ≥0 are all discretely decomposable as (so(9, C), Spin(8))-modules, and Conjecture 17 are true for (so (8, 2) , so(8, 1),
Proof. Since L(3ω 6 ) is discretely decomposable as a (so(10, C), Spin(8) × Spin(2))-module with direct summands L ′ (3µ 1 + kµ 5 ) for k ∈ Z ≥0 and L(3ω 6 ) is also discretely decomposable as a (so(9, C), Spin(8))-module, the first statement follows from Lemma 18(1) immediately. The second statement follows from Theorem 19 and Lemma 18 (2) .
